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Constrained adaptive topology optimization for vibrating shell
structures
F. Belblidia and S. Bulman
Abstract This paper describes an algorithm for struc-
tural topology optimization entitled Constrained Adap-
tive Topology Optimization or CATO which is applied
here to produce the optimum design of shell structures
under free vibration conditions. The algorithm, based
on an artiﬁcial material model and an updating scheme,
combines ideas from the more mathematically rigorous
homogenization (h) methods and the more intuitive evo-
lutionary (e) methods. Thus, CATO can be seen as a hy-
brid h/e method. The optimization problem is deﬁned as
maximizing or minimizing a chosen frequency with a con-
straint on the structural volume/mass by redistributing
the material through the structure. The eﬃciency of the
proposed algorithm is illustrated through several numeri-
cal examples.
Keywords free vibration, shells, topology optimization,
artiﬁcial material
1
Introduction
In structural topology optimization three major tech-
niques have emerged, they have some common aspects
such as the material format, the iterative improvement
scheme and the constraint satisfaction strategy. They can
be classiﬁed as follows.
– Homogenization methods (h) use the optimality crite-
ria algorithm based on Kuhn-Tucker conditions. The
material is represented by a sponge-like material with
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inﬁnitely many micro-scale cells with voids. Depend-
ing on the cell used to deﬁne the material model, we
have rank-1 and rank-2 models, the square micro-
cell with a rectangular void (Bendsøe and Kikuchi
1998) and ﬁnally the artiﬁcial material model or
SIMP method (Zhou and Rozvany 1991; Rozvany
et al. 1992). The optimization process is achieved by
variation of the porosity of the sponge-like material
throughout the structure.
– Evolutionary methods (e) are an intuitive engineer-
ing approach based on the fully stressed design tech-
niques. In this case ineﬃcient material is removed
from the design domain to allow the emergence of
a new topology. The removal process can be achieved
by either the hard-kill/soft-kill methods (Hinton and
Sienz 1995) or by the ESO technique (Xie and Steven
1997).
– Hybrid methods (h/e) which contain attributes of
both (e) and (h) methods in diﬀering degrees. The
CATO algorithm belongs to this class of methods.
The structural response to dynamic loading depends,
to a large extent, on the ﬁrst few natural frequencies of
the structure. It is often necessary to shift the fundamen-
tal or several lower frequencies of a structure away from
the frequency range of a dynamic loading to avoid exces-
sive vibrations of the structure. The natural frequencies
of a structure represent, in fact, the dynamic characteris-
tics of the structure and therefore play an important role
in design optimization techniques because the dynamic
response of the structure is controlled by its dynamic
characteristics.
A great deal of research focused on structural op-
timization under dynamic loading conditions has been
conducted during the past three decades. Most of the
work is conducted on structural optimization with dy-
namic frequency constraints. Starting with the work of
(Olhoﬀ 1970, 1974) on optimal design of vibrating plates,
a literature survey (Grandhi 1993) covers most of the
work in this area. Recently the application of the ho-
mogenization method has been introduced with success
in topology optimization of structural dynamic analy-
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sis (Dia´z and Kikuchi 1992; Ma et al. 1993; Tenek and
Hagiwara 1993). Finally the evolutionary structural op-
timization method (Xie and Steven 1996, 1997) is used
to solve natural frequency optimization for vibrating
structures.
In the present paper, the CATO algorithm, which has
been applied to the topology optimization of structures
under static conditions (Bulman and Hinton 1999; Bel-
blidia et al. 2000) is extended to structures under free
vibration conditions.
The main purpose of the CATO algorithm is to ﬁnd an
optimal structural topology by using the structural ma-
terial more eﬃciently and satisfying some basic require-
ments for a structural design. More speciﬁcally, the main
purpose of the natural frequency structural optimization
is to ﬁnd an optimum structural topology, which corres-
ponds to the minimum or maximum of a particular nat-
ural frequency of the structure and satisﬁes a structural
volume/mass constraint. This is achieved by redistribut-
ing material within the structure creating zones of void
(no material) and solid (material). This results in an opti-
mum stiﬀening structural topology which is presented as
a variable density plot. We ensure that the targeted struc-
tural volume is maintained during the complete iterative
process, so that at each iteration step we have a valid
solution.
The paper ﬁrst introduces the optimization prob-
lem and the frequency sensitivity criterion. A detailed
description of the CATO algorithm is then introduced
where the single layered artiﬁcial material model is de-
scribed, followed by a detailed explanation of the it-
erative material updating scheme process used within
CATO. Finally, several examples are provided to demon-
strate the use of the CATO algorithm in topology
optimization of shell structures under free vibration
conditions.
2
Frequency sensitivity criterion
To ﬁnd the best location for the material at each itera-
tion, a factor for each element in the structure is evalu-
ated. This sensitivity factor, which indicates the inﬂuence
the material has on the natural frequency of the struc-
ture, can be deﬁned as follows.
The eigenvalue problem which deﬁne the dynamic be-
haviour of the structure is stated as
(K−ω2nM) un = 0 , (1)
whereK andM are the global stiﬀness and mass matrices
respectively, ωn is the nth natural frequency and un is the
corresponding eigenvector. The natural frequency ωn and
the corresponding eigenvalue un are related to each other
by the Rayleigh quotient
ω2n =
kn
mn
, (2)
in which the modal stiﬀness kn and the modal mass mn
are deﬁned as
kn = u
T
nKun , and mn = u
T
nMun . (3)
The change in the frequency by the redistribution of
material in the structure can be obtained by the sensitiv-
ity calculation of the frequency as
∆(ω2n) =
mn∆kn−kn∆mn
m2n
=
1
mn
(∆kn−ω
2
n∆mn) . (4)
If an element e has be removed from the structure dur-
ing the material redistribution scheme by creating an
elemental void in the structure, the frequency sensitiv-
ity can be evaluated approximately by assuming that
the eigenvector un has not been aﬀected by this removal
of that element (Grandhi 1993; Xie and Steven 1997),
therefore
∆kn = u
(e)
n
T
∆K u(e)n =−u
(e)
n
T
K(e) u(e)n ,
∆mn = u
(e)
n
T
∆Mu(e)n =−u
(e)
n
T
M(e) u(e)n , (5)
in which K(e) andM(e) are the stiﬀness and mass matri-
ces of the removed element e, and u(e) is the eigenvector
of that element. The sensitivity of the frequency due to
the removal of the eth element is obtain by substituting
(5) into (4), so that
∆(ω2n) = f
e =
1
mn
u(e)n
T
(
ω2nM
(e)−K(e)
)
u(e)n . (6)
The sensitivity factor fe is an indicator of the change
in the natural frequency as a result of the change of
the material amount in the element e. This factor is
used as a criterion in the updating scheme used in
CATO.
Note that the expression (6) of this factor can be
simpliﬁed by omitting the modal mass mn from (6)
as mn is the same for every element in the structure.
Note also that the eigenvector un can be normalized by
the mass matrix M, in this case the modal mass be-
comes equal to unity. Note also that the summation of
the sensitivity factor over all the elements is equal to
zero which is useful for checking the correctness of the
code.
3
Constrained topology optimization method
Let us describe the main features of the CATO method.
Firstly the single layered artiﬁcial material model is intro-
duced, followed by a detailed explanation of the iterative
material updating scheme process. Finally, several ex-
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amples are presented to show the performance of the
proposed algorithm for shell structures under free vibra-
tion conditions.
3.1
Artiﬁcial material model
By considering structural topology optimization as a ma-
terial distribution problem, the structure can be de-
scribed by a discrete function χ, deﬁned at each point x
as
χ(x) =
{
1 if x ∈Ωs material
0 if x ∈Ω\Ωs no material
, (7)
whereΩ is the design domain,Ωs is the solid part of it and
x ∈Ω is the vector of design variables.
If isotropic behaviour is assumed for the solid part of
the structure, we can write
ρ(x) = χ(x)ρ0 , and D(x) = χ(x)D0 , (8)
where ρ0 and D0 are the density and elastic constitutive
matrix, respectively, of the homogeneous solid.
For the numerical solution of the optimization prob-
lem, the discrete function χ causes solution diﬃculties
(Bendsøe and Kikuchi 1998). One easy way to overcome
these diﬃculties is to replace the discrete function χ by
a continuous one ξ, where 0≤ ξ(x) ≤ 1. For convenience
we will assume that the material has a micro-cellular
structure and each cell is a square with a square hole
of side length a where 0 ≤ a ≤ 1. Thus, in the present
model
ξ(x) = 1−a2(x) . (9)
Note that by changing the size of the square hole,
which is used as a design variable, we are able to cre-
ate a micro-cellular void (a= 1) or solid (a = 0). CATO
uses this concept to redistribute material iteratively in
the structure.
It is desirable to obtain a solution which only con-
sists of solid and void regions. This allows a better ap-
proximation to condition (7). Hence a parameter µ can
be included to penalize the intermediate values of ξ(x)
(Rozvany et al. 1992). Hence,
ρ(x) = ξ(x)µρ0 , and D(x) = ξ(x)µD0 , (10)
where the exponent µ > 1 and is usually between 3
and 9.
Note that although we have assumed a micro-cellular
material with square hole size a, we have approximated
the resulting material behaviour as though it were iso-
tropic (with a scaling factor) rather than truly or-
thotropic. There is, therefore, no dependency on the
orientation of the square hole in the artiﬁcial material
model unlike the case for the more conventionalmicro-cell
model.
3.2
The CATO algorithm
For a chosen frequency ωpar, the result of the sensitiv-
ity factor values fe for each element are obtained from
a free vibration analysis at each iteration, CATO order
these values according to the type of frequency optimiza-
tion required
– in an ascending order of fe for a frequency minimiza-
tion problem, or
– in an ascending order of −fe for a frequency max-
imization problem. This allows the use of the same
algorithm for both frequency minimization or maxi-
mization problem.
The CATO algorithm is now summarized in the fol-
lowing steps. Note that we have used the standard term
“design” and “nondesign” domain to refer to zones in
which the density parameters are allowed to change and
zones where they are not.
1. Set up the design domain data, optimization data
and FEmodel data including information deﬁning the
mesh, material properties, boundary conditions. Set
iteration counter i= 1.
2. For the desired volume fraction, Vfac, initialize the
material density parameters aei for each element ac-
cording to the expressions
aei =


0 if nondesign domain
(1−Vfac)1/2 if design
apr if prescribed.
Calculate the desired volume of the system Vdes using
Vdes = Vfac ∗
n∑
e=1
ve
where n is the number of elements present in the
model and ve is the volume of element e.
3. For the current aei values evaluate the appropriate
constitutive properties using an artiﬁcial material
model, see Sect. 3.1.
4. Perform a free vibration analysis.
5. Order the elements according to their sensitivity fac-
tor values fe.
6. From a speciﬁed volume preserving relationship
∆aei (f
e) evaluate the change of the density param-
eters ∆aei for each element and update the density
parameter so that aei+1 = a
e
i +∆a
e
i , see Sect. 3.3.
7. Given the new density parameters aei+1, evaluate the
overall structural volume of the system Vsys.
8. Check the requirement that Vsys/Vdes < Vtol. If this
condition is not satisﬁed, adjust aei+1 proportionately
to obtain Vsys = Vdes and go to step 7.
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9. If some convergence criterion is met continue to step
10, otherwise set i= i+1 and return to step 3.
10.Post-process the results prior to visualization and
then terminate the solution.
3.3
Material updating scheme for frequency optimization
The CATO algorithm uses an incremental relationship
∆ae(fe) to adjust the elemental material parameter ae
according to the element sensitivity factor value fe re-
lated to the chosen frequency ωpar. A special feature of
this relationship is that it is chosen so as to preserve the
total volume of the structure during the optimization
iterative process. Figure 1 shows an example of this re-
lationship at two stages of the scheme. The function is
composed a curve of the form y = npcur (n and pcur are
described later).
Fig. 1 Example of the relationship ∆ae(fe) at an early stage
of the iterative scheme (solid line), and at an intermediate
stage (dash line)
To deﬁne the curve some parameters are needed.
If = [1, 2, . . . , n]T is the list of n element numbers
ordered as increasing fe values for a frequency mini-
mization problem or −fe for a maximization one, then
three parameter values fmin, fmax and fcut are calcu-
lated as
fmin = f
(1) , fmax = f
(n) , fcut = f
(k) , (11)
where k satisﬁes the equation
n∑
i=k
v
i
= Vdes , (12)
and v
i
is the volume of element i.
The change in the density parameter ∆aei for element
e at iteration i is illustrated in Fig. 1 and is given by
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Fig. 2 Convergence of normalized frequency of a short beam
example: (a) maximize the ﬁrst frequency, (b) maximize the
second frequency, (c) maximize the third frequency
∆aei = fn
pcur , (13)
where
f =−
fe−fcut
| fe−fcut |
, n=
fe−fcut
r
,
pcur = pinit− ((i−1.0)∗ iter) , (14)
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(a) (b) (c)
Fig. 3 Topology optimization results of a short beam example: (a) maximize the ﬁrst frequency, (b) maximize the second
frequency, (c) maximize the third frequency
and r is deﬁned as
r =
{
fmax−fcut if fe > fcut
fmin−fcut if fe ≤ fcut.
(15)
Three further parameters are speciﬁed by the user,
they are:
(a) The maximum incremental density parameter∆amax
which governs the maximum allowable change in∆ae
at any one iteration cycle.
(b) The initial curve exponent parameter pinit deter-
mines the initial conﬁguration of the curve.
(c) Finally, the iterative advancing parameter iter con-
trols how the curve adapts through the iterative
scheme.
Once the density parameters aei for all elements in the de-
sign domain have been updated the volume of the new
system is evaluated to check that the volume fraction con-
straint is not violated using the expression
Vsys/Vdes < Vtol , (16)
where Vsys is the current system volume, Vdes is the de-
sired system volume and Vtol is some allowable tolerance
on the volume constraint.
If (16) is satisﬁed, then the algorithm can proceed to
the next iteration. However, if (16) is not satisﬁed then
the volume error for each element is calculated as
Verr =
Vsys−Vdes
n
, (17)
where n is the number of elements in the design domain.
The new density parameter aei+1 for each element is then
simply taken as
aei+1 = a
e
i +Verr . (18)
3.4
Convergence
Two termination criteria are used in CATO process, if
one of them is satisﬁed, the topology optimization is ter-
minated. These criteria are:
1. A maximum number of iterations, kmax, can be pro-
vided by the user.
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Fig. 4 Convergence of normalized frequency of a square 2D
plate example: (a) minimize the ﬁrst frequency, (b) maximize
the ﬁrst frequency
2. The frequency norm (| ωnk−ωnk−1 | /ωnk−1) between
two subsequent topology optimization iterations k−1
and kmay be examined and if it is smaller than a given
value, then the program is terminated.
After convergence some post-processing of the results
is conducted which included a thresholding technique in
order to get a black and white topology image.
4
Examples
CATO has already been tested with success on topology
optimization of shell structures under static conditions
(Belblidia et al. 2000). Now CATO is illustrated for free
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(b)
(a)
Fig. 5 Topology optimization results of a square 2D plate ex-
ample: (a) minimize the ﬁrst frequency, (b) maximize the ﬁrst
frequency
vibration conditions of shell structures under membrane
behaviour in Sect. 4.1, bending behaviour in Sect. 4.2
and ﬁnally, Sect. 4.3 illustrates examples for general shell
structures.
A single layered artiﬁcial material is considered and
the common parameters used for the CATO algorithm in
all examples are: maximum incremental density param-
eter ∆amax = 0.05, the initial curve exponent parameter
pinit = 5.0, and the iterative advancing parameter iter
is 0.05. A maximum of 100 iterations is assumed with
a convergence tolerance in the change of the frequency
norm of 1%. For each example, the convergence history
of the normalized chosen frequency is given with the op-
timum topology design. All units are assumed to be con-
sistent. We should note that because we are using artiﬁ-
cial material model, the frequency values obtained during
the iterative process are normalized by their maximum
value.
4.1
Plates under membrane behaviour
We now consider two plate examples under membrane be-
haviour. The ﬁrst example is a short beam plate and the
second is a square plate.
4.1.1
Short beam example
A short beam plate of dimensions 10× 1 is clamped at
its two opposite short sides. The example is taken from
Xie and Steven (1997). The symmetric half of the plate is
analysed using a structured FEmesh consisting of 50×10
quadrilateral nine noded elements. The problem data is:
elastic modulus E = 2.0× 105, Poisson’s ratio ν = 0.3,
mass density ρ = 7000, and the plate thickness h = 0.1.
Three topology optimization problems are investigated,
dealing with (a) the maximization of the ﬁrst, (b) the
second and ﬁnally (c) the third frequency using a vol-
ume fraction of Vf = 90% and a penalty exponent for the
artiﬁcial material of µ= 3.
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Fig. 6 Convergence of normalized frequency of a clamped
square plate example: (a) minimize the ﬁrst frequency, (b)
maximize the ﬁrst frequency
Figure 2 illustrates the variation of the normalized (a)
ﬁrst, (b) second and (c) third frequency with increasing
number of iterations while Fig. 3 shows their respective
optimal stiﬀening topologies for the whole plate. The ﬁrst
and second topology results are in good agreement with
Xie and Steven (1997).
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4.1.2
Square plate example
A square plate of dimension 10×10 is clamped at three
sides as in Xie and Steven (1997). The whole plate is
meshed with 25× 25 nine noded elements. The prob-
lem data is: elastic modulus E = 70000.0, Poisson’s ratio
ν = 0.3, mass density ρ = 2700, and the plate thickness
h= 0.01. Two topology optimization problems are inves-
tigated dealing with (a) the minimization and (b) the
maximization of the ﬁrst frequency using a volume frac-
tion of Vf = 92% and a penalty exponent for the artiﬁcial
material of µ= 3.
(b)
(a)
Fig. 7 Topology optimization results of a clamped square
plate example: (a) minimize the ﬁrst frequency, (b) maximize
the ﬁrst frequency
Figure 4 illustrates the variation of the normalized
ﬁrst frequency for case (a) and (b) respectively while
Fig. 5 shows the respective optimal stiﬀening topologies.
The topology results are in good agreement with Xie and
Steven (1997). Note that when dealing with a frequency
minimization, it can happen that the structure connectiv-
ity collapses leading to a nondeﬁned structure. The user
can stop the iterative process or a structural connectiv-
ity criterion can be introduced (Zhao and Steven 1996).
In CATO when dealing with a minimization problem, no
thresholding is used and therefore the ﬁnal topology re-
sult is a grey scaled image.
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Fig. 8 Convergence of normalized frequency of a conoid shell
example: (a) minimize the ﬁrst frequency, (b) maximize the
ﬁrst frequency, (c) maximize the second frequency
4.2
Clamped square plate under bending behaviour
The free vibration topology optimization for a clamped
supported on all four edges of a square plate under bend-
ing behaviour is now investigated.
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(a) (b) (c)
Fig. 9 Topology optimization results of a conoid shell example: (a) minimize the ﬁrst frequency, (b) maximize the ﬁrst frequency,
(c) maximize the second frequency
A structured FE mesh consisting of 625 (25× 25)
quadrilateral nine noded shell elements is used to ideal-
ize the plate quadrant, and the plate side length a = 10.
The problem data is: elastic modulus E = 70000.0, Pois-
son’s ratio ν = 0.3, mass density ρ= 2700, and the plate
thickness h= 0.01.
The optimization problems are deﬁned as (a)minimiz-
ing the ﬁrst frequency or (b) maximizing it using a volume
fraction of 75% and a penalty exponent of µ= 5.
Figure 6 illustrates the variation of the normalized
ﬁrst frequency for case (a) and (b) respectively while
Fig. 7 shows the respective optimal stiﬀening topolo-
gies for the whole plate. Note that if a thresholding is
applied in case (a) the topology image becomes sepa-
rated at the corners of the plate. Note also that that
topology image for case (a) is the ‘negative’ image of
case (b).
4.3
Shell structures
In the following two examples the optimization problems
are deﬁned as (a) minimizing the ﬁrst frequency, (b) max-
imizing the ﬁrst frequency and ﬁnally (c) maximizing the
second frequency using a volume fraction of 75% and
a penalty exponent of µ= 5.
In the ﬁrst example, only the symmetric quadrant
of the shell is analysed, while for the second example
a symmetric half is considered, however, in both examples
the topology image shows the result for the whole shell
structure.
For all examples a structured FE mesh consisting
of 400 (20× 20) quadrilateral nine noded shell elem-
ents is used to idealize the symmetric part of the shell
considered.
In these examples the problem data is: elastic mod-
ulus E = 70000.0, Poisson’s ratio ν = 0.3, mass density
ρ= 2700, and the plate thickness h= 0.01.
4.3.1
Conoid shell
In this example, the shell has three straight edges and
a curved edge deﬁned by the conoid parabolic surface
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Fig. 10 Convergence of normalized frequency of a clamped
EP shell example: (a) minimize the ﬁrst frequency, (b) max-
imize the ﬁrst frequency, (c) maximize the second frequency
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Fig. 11 Topology optimization results of a clamped EP shell example: (a) minimize the ﬁrst frequency, (b) maximize the ﬁrst
frequency, (c) maximize the second frequency
z(x, y) =
ky
a
×
(
1−
y2
a2
)
,
where the curvature factor k is taken equal to 50.0 and
the projection of the shell on the xy plane is a square
of side length a = 100. The curved edge is aligned with
the x-axis and the shell geometry is interpolated lin-
early along the y-axis. Both ends of the curved edge
are supported by a hinge and the straight edge oppo-
site to the curved edge is clamped. The other edges are
free.
Figure 8 illustrates the variation of the normalized fre-
quency for (a) minimized the ﬁrst frequency, (b) maxi-
mized the ﬁrst frequency and (c) maximized the second
frequency respectively while Fig. 9 shows the respective
optimal stiﬀening topologies for the whole shell.
4.3.2
Elliptic paraboloid (EP) shell with parabolic edges
The EP shell surface is obtained by translating a hogging
parabola over another hogging parabola ﬁxed in a verti-
cal plane, while keeping the plane of the moving parabola
vertical and at right angles to the plane of the ﬁxed
parabola. The surface equation can be expressed by
z(x, y) =
k
a2
(x2+y2) ,
where k is equal to 0.13 and the projection of the shell
on the xy plane is a square of side length a= 1. The shell
has a centrally applied point load and its four edges are
clamped.
Figure 10 illustrates the variation of the normal-
ized frequency for (a) minimized the ﬁrst frequency, (b)
maximized the ﬁrst frequency and (c) maximized the
second frequency respectively while Fig. 11 shows the
respective optimal stiﬀening topologies for the whole
shell.
5
Concluding remarks
This paper has illustrated the use of the CATO al-
gorithm for topology optimization of shell structures
under free vibration conditions. The algorithm com-
bines ideas from both conventional H- and E-methods.
Several examples are introduced and can be compared
with previously known work with favourable results. No
thresholding has been used with a frequency minimiza-
tion problem to avoid the collapse of structural con-
nectivities. We have noticed that for a minimization of
a particular frequency, the topology image is the “nega-
tive” of the image of the maximization of that particular
frequency.
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